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Abstract We present a method for solving arbitrary
systems of N nonlinear polynomials in n variables over
an n-dimensional simplicial domain based on polynomial
representation in the barycentric Bernstein basis and
subdivision. The roots are approximated to arbitrary
precision by iteratively constructing a series of smaller
bounding simplices. We use geometric subdivision to isolate multiple roots within a simplex. An algorithm implementing this method in rounded interval arithmetic is
described and analyzed. We find that when the total order of polynomials is close to the maximum order of each
variable, an iteration of this solver algorithm is asymptotically more efficient than the corresponding step in a
similar algorithm which relies on polynomial representation in the tensor product Bernstein basis. We also
discuss various implementation issues and identify topics for further study.

Sherbrooke and Patrikalakis [18] have developed a
method (called the interval projected polyhedron algorithm, or IPP) for solving such systems in higher dimensions within an n-dimensional rectangular domain, relying on the representation of polynomials in the tensor
product Bernstein basis. Their method, as the method
presented in this paper, is a reduction approach that contracts the domain containing a solution. If a reduction is
not effective, a subdivision step is necessary, for example
to separate roots within a domain. A similar approach
has been applied to more general B-spline representations by Elber and Kim [3], who rely only on subdivision
but manage to eliminate redundant subdivisions at the
final stage by switching to Newton-Raphson iterations.
Mourrain and Pavone [15] improve upon the interval projected polyhedron algorithm by using efficient univariate
solvers and a preconditioning step to optimize the reduction steps. Their experiments show, that reduction
Keywords CAD, CAGD, CAM, geometric modeling,
methods can save a lot of subdivision steps and usually
solid modeling, intersections, distance computation,
outperform plain subdivision methods. Recent advances
engineering design
by Hanniel and Elber [11] present termination criteria
to ensure that exactly one solution is contained within
a region. After such regions are identified, it is possible
1 Introduction
to switch to other methods that quickly converge to the
root.
A fundamental problem in computer-aided design and
In this paper we introduce a method for solving sysmanufacturing is the efficient computation of all solu- tems within an n-dimensional simplex, which relies
tions of a system of nonlinear polynomial equations within on the representation of polynomials in the barycensome finite domain. This rather difficult task can be very tric Bernstein basis. This approach is independent of
unstable and prone to errors even in the univariate case. the coordinate directions of the original system. In order
Lane and Riesenfeld [14] first approached the compu- to isolate all of the roots within a given simplex we contation of roots of univariate functions by using robust struct a series of bounding simplices by intersecting the
subdivision techniques, employing Bernstein-Bézier ba- 2D convex hulls of the control points of bounding curves
sis functions.
for every coordinate. We will present and analyze an algorithm implementing this method in rounded interval
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without any overhead, when the maximum order of every variable is equal to m. The number of control points
matches exactly the degree of freedom in any dimension.
The tensor product Bernstein basis used in [18] with degree m in every dimension on the contrary has more control points than the degree of freedom of a polynomial of
total order m. It produces much overhead with problems
where the maximum order of a single variable is close to
the total order. On the other hand, it is well suited for
problems where no single variable has an order higher
than m/n (with n being the number of variables) and
where the total order is reached in a place where the
exponents of all variables are added.
For example the two dimensional (n = 2) polynomial

2. Upper-case boldface letters such as F denote vectorvalued functions, sets or matrices. The i-th component of F is denoted by Fi .
3. The upper-case letter I denotes a multi-index (defined below).
4. To avoid confusion, some variables may have superscripts instead of or in addition to subscripts. For example, the matrix W (k) is superscripted so that we
can refer to the element in the ith row, jth column as
(k)
wij , rather than as the ambiguous wijk .
5. Rn is the set of ordered n-tuples of real numbers.
Rn+ is the set of ordered n-tuples of non-negative
real numbers. R≥n is the set of ordered m-tuples of
real numbers with a fixed m ≥ n.

p1 (x, y) = a1 x2 + a2 xy + a3 y 2 + a4 x + a5 y + a6

Definition 1 Multi-index I is an ordered n + 1-tuple of
nonnegative integers (i1 , . . . , in+1 ). I is bounded by the
positive integer m if i1 + i2 + . . . + in+1 = m.
Pm
We will use the notation I , where m is a bounding
integer, to indicate that a sum is to be taken over all
possible multi-indices I whichP
are bounded by m. For
m
example, if m = n = 2, then I wI ≡ w002 + w011 +
w020 + w101 + w110 + w200 . Multi-indices are used as a
shorthand for subscripting multi-dimensional triangular
arrays. For example, if I = (0, 1, 1), then wI is equivalent
to w011 , an element of the triangular matrix {wijk }. This
becomes clear by viewing i + j + k = 2 as i + j ≤ 2:


w00 w01 w02
.
 w10 w11
w20

(1)

of total order m = 2 can be represented over a triangular
domain in the barycentric Bernstein basis of degree 2
with exactly 6 control points. Since the maximal order
of every variable is 2 the tensor product Bernstein basis
has to use 3×3 = 9 control points. However, a polynomial
of the form
p2 (x, y) = a1 x2 y 2 + a2 x2 y + a3 xy 2 + a4 x2 + a5 xy +
(2)
a6 y 2 + a7 x + a8 y + a9
of total order m = 4 could be represented in the tensor product Bernstein basis with the same effort while in
barycentric Bernstein basis it requires 15 control points.
Nevertheless these 15 control points are enough to represent all kinds of two dimensional polynomials with total
order m = 4 while in the tensor product Bernstein basis
we even need 25 control points to do that. In higher dimensions this discrepancy between the two approaches
is even larger (see Table 1). Therefore it makes sense
to consider each of the different methods in cases where
they are best suited.
This paper is organized in the following manner: Section 2 introduces the notation we will use, and contains a
brief review of the properties of the barycentric Bernstein
polynomials. Section 3 gives the formulation of the problem and describes the construction of smaller bounding
simplices. Section 4 describes an algorithm which can
be used in implementing a solver based on this method.
Section 5 discusses various implementation issues with
an analysis and Section 6 provides some numerical examples. Section 7 identifies some topics recommended for
further study.

2 Notation and Definitions
1. Lower-case letters in boldface, such as x and y will
denote vectors of real numbers, or points. It should
be clear from the context what the dimension of any
given vector is. When we work with the components
of the vector x, we will assume that xi is the i-th
component of x.

Definition 2 The convex hull of the set of n + 1 points
S = {p1 , . . . , pn+1 }, denoted by conv(S), is the set of all
Pn+1
points such that for any vector x ∈ {R(n+1)+ | i=1 xi =
1}:
n+1
X

xi pi ∈ conv(S).

(3)

i=1

Definition 3 For a set S = {p1 , . . . , pn+1 } where pi ∈
R≥n for i ∈ {1, . . . , n + 1}, conv(S) is called an ndimensional simplex or n-simplex.
For example, for n = 1, 2, 3 the simplex reduces to
a straight line segment, a triangle and a tetrahedron,
respectively. The n + 1 vertices of the n-simplex have to
be embedded at least in Rn or in a higher dimensional
space.
Lemma 1 An n-simplex has (n+1)n
edges connecting
2
every vertex with every other vertex.
Definition 4 The I-th n-dimensional barycentric Bernstein polynomial [4] of total degree m is defined by
n
BI,m
(x) :=

m! I
x
I!

(4)
i

n+1
where I! := i1 ! . . . in+1 ! and xI := xi11 . . . xn+1
, for x ∈
P
n+1
(n+1)+
{R
| i=1 xi = 1} and I bounded by m.
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Lemma 2 The barycentric Bernstein polynomials of total degree m and dimension n form a partition of unity
[4, 12]:

3 Formulation

m
X

Let there be a set of N functions f1 , f2 , . . . , fN , each of
which is a polynomial in the n independent parameters
u1 , u2 , . . . , un . Let m(k) denote the total degree of fk .
Furthermore, let S denote a set of points {p1 , . . . , pn+1 }
where pi ∈ Rn . Our objective is to find all points u =
(u1 , u2 , . . . , un ) ∈ conv(S) such that

n
BI,m
(x) = 1

(5)

I

for any x ∈ {R(n+1)+ |

Pn+1
i=1

xi = 1}.

Lemma 3 The sum of barycentric Bernstein polynomials of total degree m and dimension n with index ij = t
is simply the t-th univariate Bernstein polynomial in the
j-th coordinate:
m
X

n
BI,m
(x) = (xj )t (1 − xj )m−t

I|ij =t

m!
1
= Bt,m
(xj )
t!(m − t)!

3.1 Barycentric Coordinates

f1 (u) = f2 (u) = . . . = fN (u) = 0.

(8)

Each fk can be converted to the barycentric Bernstein basis with respect to S using the algorithm referred
to in Section 5.1.2. This algorithm gives the unique n+1(k)
dimensional triangular array of real coefficients {wI,S | I
bounded by m(k) } such that

(6)
(k)
m
X

(k) n
Pn+1
(9)
wI,S BI,m
(k) (x)
where xj is the j-th element of x ∈ {R(n+1)+ | i=1 xi = fk (u) = fk,S (x) =
I
1}, and where ij (the j-th element of the multi-index I)
n+1
X
is restricted to t.
for u =
xi pi
(10)


xj−1 xj+1
i=1
xn+1
x2
x1
0
Proof We set x := 1−xj , 1−xj , ..., 1−xj , 1−xj , ..., 1−xj
by removing xj and adjusting the other coefficients so where pi is the i-th vertex of S and xi is the i-th element
Pn+1 0
of x.
0
that
i=1 xi = 1. Also set I := (i1 ...ij−1 ij+1 ...in+1 )
Our objective
bounded by (m − t). Then
Pn+1 now becomes to find all points x ∈
{R(n+1)+ | i=1 xi = 1}, such that
m
m
X
X
m!
in+1
n
BI,m
(x) =
xi11 ...xtj ...xn+1
f1,S (x) = f2,S (x) = . . . = fN,S (x) = 0.
(11)
i1 !...t!...in+1 !
I|ij =t

I|ij =t

=

xtj

m−t
X

0I 0

m−t

x (1 − xj )

I0

= xtj (1 − xj )m−t

From Eq. 10 we see that if we can find every x that
satisfies Eq. 11, we can find every root of the original
problem.

m!(m − t)!
I 0 !t!(m − t)!

m−t
X
0 (m − t)!
m!
x0I
t!(m − t)! 0
I 0!
I

m!
= xtj (1 − xj )m−t
t!(m − t)!
using Lemma 2 in the last step.

Let us define the following univariate functions:
t
u

Lemma 4 The barycentric Bernstein polynomials of total degree m and dimension n satisfy the linear precision
property [4, 12]:
m
X
ij n
xj =
B (x)
m I,m

3.2 Coordinate Bounding Functions

(7)

Definition 5 For any f (x) as in Eq. 9 and coordinate
j = 1, ..., n + 1

m 
X
1
minj (xj ) :=
min wI Bt,m
(xj )
maxj (xj ) :=

t=0
m 
X
t=0

I|ij =t


max wI

I|ij =t

1
Bt,m
(xj )

I

Then we have the following property:
Pn+1
where xj is the j-th element of x ∈ {R(n+1)+ | i=1 xi =
Theorem 1 For any x = (x1 , ..., xn+1 ) ∈ R(n+1)+ with
1}, and ij is the j-th element of the multi-index I.
Pn+1
i=1 xi = 1 and any j = 1, ..., n + 1 we have
For a more complete treatment of the barycentric
minj (xj ) ≤ f (x) ≤ maxj (xj ).
Bernstein polynomials, refer to [4], [6] and [12].
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Proof
f (x) =

m
X

n
wI BI,m
(x)

≤

t=0

I

=

m 
X
t=0

m 
X


max wI

I|ij =t

max wI

I|ij =t

 X
m

n
BI,m
(x)

I|ij =t

1
Bt,m
(xj ) = maxj (xj )

where we used Lemma 3. For minj (xj ) simply use ≥ and
take the min.
t
u
This result gives an upper and lower bound of any f (x)
for each coordinate j. This can help narrowing the interval containing a root:
Pn+1
Corollary 1 For any root x ∈ {R(n+1)+ | i=1 xi =
1} of f (x) we can find λj ≤ xj ≤ µj for every coordinate j with
minj (xj ) ≤ 0 ≤ maxj (xj ) in xj ∈ [λj , µj ]
where
1. λj and/or µj is a root of any of the two functions
minj (xj ) or maxj (xj ) ,
2. or λj (resp. µj ) is equal to 0 (resp. 1) if it is no root.
Mourrain et al. [15] constructed bounding curves and
used similar bounds in the tensor product case to reduce
the domain. In this work we use the simple convex hull
algorithm as explained in the next section. Obtaining
closer approximations of λj and µj would improve the
shrinking process.

3.3 Graphs
In order to find the roots by the subdivision method,
we will restate the problem as the intersection of curves
with the horizontal axis. Because of Theorem 1 we can
work with a single coordinate at a time and, therefore,
onlywith univariate intersection problems. We can sim(k)
ply construct the graphs of the functions minj (xj ) and
(k)

maxj (xj ) for every fk from Eq. 9 and for every coordinate j:

where t = 0, ..., m(k) and


t
(k)
(k)
vj,t :=
,
min
w
(16)
m(k) I|ij =t I


t
(k)
(k)
wj,t :=
(17)
, max w
m(k) I|ij =t I
define the 2D control points to their curves. We denote
the set of control points with Vjk and Wjk respectively.
With this in mind, we can now approach the problem by
considering the well known convex hull property:
Lemma 5 Let A := {at | t = 0, ..., m} be the set of
control points of a Bézier curve α. Let conv(A) be the
convex hull of this set. Then for x ∈ [0, 1]
α(x) ∈ conv(A).
Therefore we can now state the following
Theorem 2 For any common root x of the system fk (x)
Pn+1
with x ∈ {R(n+1)+ | i=1 xi = 1} and for every coordinate j = 1, ..., n + 1:
(xj , 0) ∈

N
\

conv(Vjk ∪ Wjk ).

k=1

Proof From Corollary 1 it follows that (xj , 0) has to
lie between (λj , 0) and (µj , 0) for any k. Furthermore,
(λj , 0) (resp. (µj , 0)) lies either on one of the functions
(k)
(k)
min0 j or max0 j (case 1) or between them (case 2)
(k)

(k)

since minj (xj ) ≤ 0 ≤ maxj (xj ) for all xj ∈ [λj , µj ]
(especially for λj and µj ). Therefore (λj , 0), (µj , 0) and
finally (xj , 0) ∈ conv(Vjk ∪ Wjk ). Since x is a common
root, this has to be true for every k = 1, ..., N . Therefore
TN
t
u
(xj , 0) ∈ k=1 conv(Vjk ∪ Wjk ).
This also means that all points not contained in the
TN
intersection (xj , 0) ∈
/ k=1 conv(Vjk ∪ Wjk ) cannot be
a common root and can be discarded. By intersecting
conv(Vjk ∪Wjk ) first with the horizontal axis (for a single
k) and then with the intervals of the other functions
k, we can efficiently narrow down the region containing
possible roots for every coordinate j. Thus we obtain a
lower and upper bound (λ0j , µ0j ) for every j that are not
quite as tight as the bounds in Corollary 1, but very easy
to compute.

(k)

(k)

(12)

3.4 Generating Bounding Simplices

(k)

(k)

(13)

By applying Theorem 2 to every coordinate j = 1, ..., n+
1 we obtain a pair (λ0j , µ0j ) for every j such that λ0j ≤
xj ≤ µ0j . Let us focus on a lower bound λ0j . Because
we deal with barycentric coordinates x ∈ {R(n+1)+ |
Pn+1
i=1 xi = 1} this bound affects all of the n other parameters of x, such that for every l ∈ {1, . . . , n + 1 | l 6= j},
we have

min0 j (xj ) := (xj , minj (xj )),
max0 j (xj ) := (xj , maxj (xj ))

Employing the linear precision property Eq. 7 yields
(k)
min0 j (xj )

=

(k)
m
X

(k)

1
vj,t Bt,m
(k) (xj )

(14)

t
(k)
max0 j (xj )

=

(k)
m
X

t

(k)

1
wj,t Bt,m
(k) (xj )

(15)

0 ≤ xl ≤ 1 − λ0j

(18)
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Accumulating the effects of these bounds gives a set
of bounds where for every j ∈ {1, 2, . . . , n + 1}:
X
λ0j ≤ xj ≤ 1 −
λ0i =: νj
(19)
1≤i≤n+1,i6=j

By defining the subset S0 ⊆ S as the set of all
x ∈ {R(n+1)+ |

n+1
X

xi = 1}

(20)

i=1

which satisfy Eq. 19 for every j, we have guaranteed that
S0 is a simplex. By using the upper bound µ0j instead of
νj a smaller solution space can be found, but this will in
general not be a simplex and will therefore complicate
an implementation of this method. The vertices of S0 can
be found from the following formula:
(
νj if j = i,
(21)
pij =
λ0j if j 6= i,
where pij is the j-th coordinate of the i-th vertex of S0 .
Even though this method is written down a little differently, it is actually the root finding approach developed by Sherbrooke and Patrikalakis [18] generalized to
the barycentric Bernstein form. They describe the projection of the high dimensional control polyhedra onto
the plane (for every coordinate) followed by the computation of the convex hull and intersection with the
horizontal axis. In this work we look at the single coordinate right from the start, eliminating the description of
the high dimensional control polyhedra. It should also be
noted, that generally the intersection of the convex hulls
of high dimensional point sets yields a much smaller result than intersecting their projections, but is far more
difficult to compute.
3.5 Isolating Roots
If there is more than one root present in the simplex S,
the procedure described in Section 3.4 will fail, because
the set S0 might stop shrinking, before it becomes small
enough. We must therefore formulate a complementary
procedure for subdividing S0 in order to isolate the roots.
The choice of a subdivision scheme is critical as it will
affect both the efficiency and correctness of the solver
algorithm. Sederberg [17] subdivides the search domain
into a regular tiling of triangles, but this strategy does
not generalize well to arbitrary dimensions. Instead, we
recursively split S at the midpoint of the longest edge
that has not decreased sufficiently with respect to some
tolerance. Note that splitting one edge affects the length
of other edges. This approach is similar to the method
used by Sherbrooke and Patrikalakis [18], but analysis is
complicated by the fact that there is no simple, direct
relationship between the edges of S and the parameters
of x.

5

4 Algorithm for Solving Nonlinear Polynomial
Systems
Now we will describe an algorithm, based on our method,
for solving systems of nonlinear polynomials over an ndimensional simplicial domain. In order to ensure the numerical robustness we used rounded interval arithmetic
to convert the polynomials into the Bernstein base and
to solve the systems. In very ill-conditioned examples we
used rational arithmetic for the conversion. A discussion
of these and other relevant implementation issues can be
found in Section 5. Let N be the number of equations,
and n is the dimension of the system (i.e., the number of
scalar variables of u). The set {f1 (u), . . . , fN (u)} is the
polynomials we wish to solve.
Furthermore, some tolerances are needed. The tolerance EPS is simply whatever accuracy the root is required to satisfy. To decide whether a region is decreasing in size too slowly we use a threshold which we will
call CRIT. Our experiments suggest that 0.7 is a reasonable value for this threshold. We will always assume
that 1 >CRIT> 0.5. The presented algorithm is valid for
under-constrained, balanced and over-constrained systems in arbitrary dimensions.
A1 [Initialization] Create a problem stack for storing simplices and corresponding N polynomials. Push
the initial bounding simplex S and the initial polynomials onto the stack. Create a solution stack for storing
solution simplices.
A2 [New problem] If the problem stack is empty,
return the solution stack. If not, pop the topmost simplex
and corresponding polynomials from the problem stack
and bind them as current simplex and current system.
A3 [Intersection I] For each of the n + 1 variables
j of the current system, find the control points Vjk ∪ Wjk
for k = 1, .., N and intersect their convex hulls with the
horizontal axis, as described in Section 3.4. If one or more
of the convex hulls do not intersect with the horizontal
axis, conclude that there is no root in the current simplex
and jump to A2.
A4 [Intersection II] For every one of the n + 1
variables of the current system, intersect the N intervals
found in step A3, and keep the lowest bound of their
intersection as the lower bound (λ0j ) for that variable. If
one or more of the bounds do not intersect, conclude that
there is no root in the current simplex and jump to A2.
A5 [Shrink simplex] Use the lower bounds(λ0j ) from
step A4 to construct a smaller simplex (S0 ) from the
current simplex.
A6 [Accuracy] If every edge in the smaller simplex
(S0 ) is small enough (less than EPS), push it onto the
solution stack and go back to A2.
A7 [Extraction] Construct a new system from the
current system according to the smaller simplex (S0 ) applying (n + 1) deCasteljau subdivisions with the lower
bounds found in A5 to each of the N polynomials.

6

A8 [Tolerance] If every edge in the smaller simplex
is less than CRIT times the corresponding edge in the
current simplex, it shrinks fast enough. Then push the
smaller simplex and the new system onto the problem
stack and go back to A2.
A9 [Subdivision] By reaching this point, we know
that the current simplex is not shrinking fast enough.
Perform a binary split at the midpoint of the longest edge
of the smaller simplex. Compute two new systems by
applying one deCasteljau subdivision at the split point.
Push both sub-simplices with the corresponding new system onto the problem stack and go to A2.
END

Martin Reuter et al.

triangle (degree two) for an arbitrary point as well as for
an edge split. It can be seen that for the interior point
(top) the deCasteljau points in each step are a barycentric combination off all the vertices of the sub-simplices.
In case of the edge split (bottom) every deCasteljau point
is simply a barycentric combination of the two edge vertices.

5 Implementation and Analysis
5.1 Methods
Here we will describe various functions and features needed to implement the solver algorithm in Section 4.
5.1.1 Rounded Interval Arithmetic
To ensure numerical robustness the solver algorithm was
implemented using rounded interval arithmetic (RIA) as
described in [1] and [13]. Rounded interval arithmetic increase the running time of the algorithm by a factor of
2 to 5, but the method will frequently fail when implemented with standard floating point operations.
5.1.2 Converting Polynomials to the Barycentric
Bernstein Basis

Fig. 1 Split a triangle (degree two) at an interior point (top)
and along its longest edge (bottom). Left: the deCasteljau
steps in both cases. Right: the subdivided triangles

We will now compute the computational steps needed
for a binary subdivision. Please refer to [10] for complete
treatment and proofs of the binomial identities used.
Lemma 6 The number of computational steps needed to
perform one deCasteljau subdivision of an n-dimensional
barycentric Bernstein polynomial of total degree m along
a single edge of the corresponding simplex is
(m+n)!
O (m−1)!(n+1)!
.

For the purpose of converting polynomials in the power
basis to the barycentric Bernstein basis, we used an algorithm by Waggenspack and Anderson [19]. This algorithm is robust and reasonably efficient. It is based
on regrouping and expansion of terms using Horner’s
rule and handles degeneracies well. In addition to the
rounded interval arithmetic, we implemented exact rational arithmetic especially for the conversion of high
order problems, where huge numbers lead to inexact interval results. Problems formulated in the barycentric
Bernstein basis from the very beginning can of course
skip the conversion step.

In one subdivision of an n-dimensional barycentric Bernstein polynomial of total degree m, the coefficients of m
polynomials of degrees m − 1 to 0 must be calculated.
Therefore the number of coefficients calculated is

5.1.3 Binary Subdivision

DB (m, n) :=

Proof The number of coefficients describing an n-dimensional barycentric Bernstein polynomial of total degree
m is [6]:


(m + n)!
m+n
CB (m, n) :=
=
.
(22)
m
m!n!

m−1
X
t=0

The polynomials control points with respect to a subdivided simplex are found by a deCasteljau subdivision as
described in [4], [5] and [7]. Since the simplex is split at
the midpoint of its longest edge, the deCasteljau algorithm can be executed faster than for an arbitrary point
in the interior of the simplex. Every deCasteljau point
can be computed by two multiplications instead of n + 1.
Fig. 1 depicts the top view of the subnets in case of a

CB (t, n) =

(m + n)!
.
(m − 1)!(n + 1)!

(23)

Generally it takes (n+1) multiplications to calculate the
value of a single coefficient, but in our case all deCasteljau subdivisions can be performed along a single edge of
the simplex; therefore, we only need two multiplications.
Thus only
2(m + n)!
(m − 1)!(n + 1)!

(24)
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multiplications are needed to complete one subdivision
step. No other procedure adds more than a constant multiple to this number of steps. Hence Lemma 6 follows.
t
u
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tex k, which is now at its final position xk ):
X
X
xi,j pj =
x0i,j pj + x0i,k xk
j

j6=k


=

X

x0i,j pj +

j6=k

5.1.4 Extraction

=

X

x0i,j

j6=k

The polynomials control points with respect to a given
simplex are found by repeated applications of the deCasteljau algorithm. In order to extract the coefficients
on the smaller simplex that was constructed from the
lower bounds it is sufficient to apply (n + 1) full deCasteljau subdivisions (one for each vertex) and adjust
the coordinates of the remaining points in between. Fig. 2
shows the 2D case of a triangle containing a sub-triangle
(left) and the first deCasteljau subdivision (right). After deCasteljau we can discard two of the three resulting smaller triangles. To continue the coordinates of the
remaining vertices of the sub-triangle need to be computed with respect to the smaller triangle obtained from
deCasteljau.

Lemma 7 Let xi,j be the j-th barycentric coordinate of
vertex i of the final sub-simplex (with respect to the original simplex S). By applying one full deCasteljau computation to split the simplex at the k-th vertex of the final
sub-simplex we obtain a smaller simplex S0 (containing
the final simplex, where the k-th vertex is already at its
final location). The new coordinates x0i,j of the remaining
vertices of the final sub-simplex with respect to S0 are

⇒

x0i,j

= xi,j −

x0i,j =

xi,k
xk,k

xi,j −

xi,k
xk,k xk,j

for j = k
for j =
6 k

(25)

Proof By working on vertex k, we can easily compute the
xi,k
k-th coordinate of the remaining vertices x0i,k := xk,k
.
This is due to the fact that the face opposing the vertex k is not changed by the deCasteljau subdivision (as
can be seen in Fig. 2 for one of the edges). So for the
k-th coordinate, we simply scale the parameter space
accordingly. The other coordinates (j 6= k) can be computed in the following manner. The (global) position of
every vertex xi of the final sub-simplex can be computed
by theP
barycentric combination (see Definition 2 and 3)
xi =
j xi,j pj , where pj describes the vertices of the
original simplex S. These positions have to remain the
same after representing every vertex with barycentric coordinates inside the sub-simplex S0 obtained through deCasteljau (note that S0 keeps all vertices except for ver-

xk,j pj 

j


xi,k
xk,j pj + xi,k pk
+
xk,k

xi,k
xk,j
xk,k

(26)
t
u

Fig. 2 Extraction using interior deCasteljau splits

Lemma 8 The number of computational steps needed to
perform one extraction of an n-dimensional barycentric
Bernstein polynomial of
 total degree m on a smaller sim(m+n)!
.
plex is O (m−1)!(n−1)!
Proof To extract an n-dimensional barycentric Bernstein
polynomial of total degree m on a smaller simplex n + 1
subdivisions are performed (at each of its n + 1 vertices).
Therefore we have to compute
(n + 1)DB (m, n) =

(

xi,k 
xk,k


X

(m + n)!
(m − 1)!n!

(27)

coefficients. For every coefficient we need (n + 1) multiplications (since we split at an inner vertex as opposed
to the edge splits from the last section). The computation of the new vertex coordinates with respect to the
2
new simplex adds only n(n+1)
multiplications in total.
2
Therefore we have the costs:




(m + n)!
(m + n)!(n + 1)
O
=O
(28)
(m − 1)!n!
(m − 1)!(n − 1)!
Hence Lemma 8 follows.

t
u

It is also possible to use blossoms to describe this
extraction process (see [9] for background). Straight forward blossoming, where every coefficient is computed by
a full deCasteljau subdivision, is very slow, since many
identical values are computed over and over again. Even
the improved approach suggested by Sablonnière [16]
that reuses existing common values is only faster than
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edges. After
Proof We know that a simplex has n(n+1)
2
splitting the longest edge the two children have at least
one edge with edge length lmax
2 . The lengths of all other
edges have to be less or equal to lmax , since newly created
edges cannot be longer than lmax . After repeating the
n(n+1)
n(n+1)
times we end up with 2 2
multiplications. The advantage of Sablonnière’s algorithm split step ssplit =
2
is that the final coefficients are computed directly form grandchildren each containing no edges that are longer
t
u
the original coefficients, not from intermediate values than lmax
2 .
as described here. Therefore his approach is very stable
Of course ssplit is just an upper bound, generally the
(which comes at a cost). Since we deal with Bézier representations; therefore with convex combinations only, children shrink much faster since the newly created edges
the additional robustness is not really necessary here. are much shorter than lmax . Also in most cases not all
The algorithm presented here can be seen as the further edges of S have the same length lmax , many edges are
improved approach by Goldman [8] applied in higher di- generally shorter than the longest edge.
We now analyze the case when a simplex shrinks fast
mensions. Goldman first described it for knot insertion
enough
so that we do not need a split.
into B-spline curves. He represents the deCasteljau algorithm by an n + 1 simplex (in his case a triangle). Lemma 10 Let l
max be the length of the longest edge of
log 2
After the first full deCasteljau computation, he restarts a simplex S. After maximal s
shrink = − log CRIT shrinkit a second and final time along one of its edges (with
ing steps of S and its children the maximal edge length
adjusted coordinates). We basically do the same for an
of any grandchild is less than lmax
2 .
arbitrary high dimensional simplex.
Proof When a simplex is shrinking fast enough, all edges
have to be less or equal to CRIT times their original
5.2 Analysis
length (since CRIT < 1). Of course after s steps they
decrease at least by the factor of CRIT s . Therefore it
In this section, we will prove the correctness of the algo2
takes maximal sshrink = − loglog
CRIT steps for them to
rithm. We will also analyze the time complexity of one
reach half of their original length.
t
u
loop of the algorithm.

our approach for linear problems. We implemented it for
arbitrary dimensions and it needs



m + 2n + 1
(n + 1)
− CB (m, n)
(29)
m

5.2.1 Proof of Termination
Let us first prove that the algorithm terminates. In order
to do this, we first define a few terms relating to the
algorithm:
Definition 6
1. An iteration or step is one execution of steps A2
through A9.
2. The children of a bounding simplex S are the simplices we are left with after step A9, and S is said
to be the parent of these children. If we determine in
step A6 that we are sufficiently close to a root, then
S will have no children. Typically, S will only have
one child (see A8); if splitting is necessary in step A9,
then S will have exactly two children.
Splitting simplices is more complicated than splitting
boxes, since new edges are introduced during the process
and their length depends on the shape of the parent simplex. Nevertheless, we know that the new edges cannot
be longer than the longest edge of the parent, since they
lie completely inside the parent simplex (a simplex is
always convex). We therefore know:
Lemma 9 Let lmax be the length of the longest edge of a
simplex S. After maximal ssplit = n(n+1)
binary splitting
2
steps of S and its children the maximal edge length of any
grandchild is less than lmax
2 .

Corollary 2 Suppose we are given some number ε > 0.
Then there exists a number smax such that after smax or
fewer steps, every edge of every child of a simplex S is
shorter than ε.
Proof Let again lmax be the longest edge of S. Set s0.5 :=
ssplit + sshrink then we know from Lemma 9 and 10 that
(by shrinkevery edge of every child is shorter than lmax
2
ing or splitting). It is clear that there exists some integer i > 0 such that lmax
< ε for any ε > 0. Setting
2i
smax = i(s0.5 ) completes the proof.
t
u
Corollary 2 does not reveal anything about the actual speed of convergence. Nevertheless it ensures that
after a maximum of smax iteration steps all edges of the
remaining simplices are shorter than a given ε. However,
we cannot tell how many roots are contained in such
a simplex or if it contains any roots at all. The algorithm only ensures that no roots are missed. Anyhow,
by using rounded interval arithmetic and checking the
solutions against the equations most false positives can
be discarded.
5.2.2 Complexity Analysis
It is difficult a priori to predict how many iterations
will actually be needed to complete the whole algorithm.
However, we can analyze the amount of time required to
execute each iteration of the algorithm individually (see
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Definition 6). In the analysis, we will assume that each number of computational steps for one iteration is
n dimensional equation is of total degree m.


(m + n)!
(m + n)!
For each iteration two major procedures are performed:
+N
O N
(m − 1)!(n − 1)!
m!(n − 1)!
(A3) the generation of lower bounds and (A7) the ex

traction (deCasteljau subdivision). We will first consider
(m + n)!
=
O N
(30)
these functions separately, and subsequently analyze how
(m − 1)!(n − 1)!
they affect the complexity of a single iteration.
t
u
We will begin with the generation of lower bounds,
which is used in step A3.
Equation 30 gives a tight bound for the running time
of one iteration. In fact, if it is expressed in terms of the
Lemma 11 The number of computational steps needed number of control points C given by Eq. 22, we get
B
to obtain the lower bound of one variable on a simplex
from the coefficients of an n-dimensional barycentric
Bern
O(N nmCB ).
(31)
.
stein polynomial of total order m is O (m+n)!
m!n!
Proof The number of coefficients describing an n-dimensional barycentric Bernstein polynomial of total degree
m is given by Eq. 22. For the selected variable the 2D
control points of the corresponding min0 and max0 curves
must be created from the minimal and maximal coefficients (see Section 3.2). Comparison of coefficients and
construction of the control points can be carried out with
a single run through all coefficients. The resulting 2m+1
control points may be traversed as in Graham’s scan [2]
to compute their convex hull. The entire running time
of this procedure is O (m+n)!
. The time needed for the
m!n!
convex hull traversal in order to compute the intersections with the x-axis is no greater. Hence Lemma 11
follows.
t
u
To extract the new system in step A7 several subdivisions are performed using the deCasteljau algorithm as
described in Sections 5.1.3 and 5.1.4. We computed the
cost of one subdivision along a single edge in Lemma 6.
Furthermore, Lemma 8 states the cost for an extraction
on a smaller simplex. With these Lemmas and Lemma 11,
we can now consider a complete iteration.
Theorem 3 The number of computational steps needed
to complete one iteration as in Definition 6 for a system
of N n-dimensional barycentric Bernstein
polynomials of

(m+n)!
total order m is O N (m−1)!(n−1)!
.
Proof For each iteration the projection (and intersection
with the x-axis) in step A3 has to be executed for N polynomials and for every variable n. Hence by Lemma 11
the number of
 computations performed in that step is
O N n (m+n)!
. The intersection of the N intervals in step
m!n!
A4, the shrinking in A5, the accuracy computation in A6,
and the tolerance computation in A8 do not contribute
significant time to the execution. Step A7 (extraction)
is also performed for N polynomials
which by Lemma 8

(m+n)!
results in O N (m−1)!(n−1)! computations. If the binary
split in step A9 is executed, it does not add any significant time, since it is just a single subdivision. Hence the

5.2.3 Comparison with tensor product method
The running time of the tensor product Bernstein approach is [18]
O(N nmn+1 ) = O(N nmCT )

(32)

where CT := (m + 1)n is the number of control points.
Therefore the reduced complexity of a single iteration
of the barycentric approach is due to the reduced number of control points used. Table 1 shows the differences
CT − CB for a few m and n. It can be seen that there
is no difference for n = 1 but for larger n the difference
becomes huge. Therefore an iteration step of the algorithm with the barycentric Bernstein base will be much
faster than a corresponding step in the tensor product
Bernstein base.
Note that the number of iterations actually executed
may be quite different for systems with the same n and
m. Local convergence properties would give a better idea
of how many iteration steps and how much time is required. Because of the nature of barycentric coordinates,
it is rather difficult to give a complete analysis of the
convergence. As opposed to the algorithm based on a
tensor product Bernstein basis, where all variables are
independent, barycentric formulations have a dependent
variable, leading to more complex computations. Nevertheless, in one-dimensional problems the tensor product
method described in [18] is identical with the barycentric formulation used here. This is due to the fact, that
one can always express one of the two barycentric coordinates by the other one (x2 = 1 − x1 ) on the line
segment x1 , x2 ∈ [0, 1]. Therefore the convergence in
one-dimensional problems for barycentric coordinates is
quadratic as in the tensor product case.

6 Numerical Examples
In this section we will present several numerical examples.
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m
10
9
8
7
6
5
4
3
2
1

0
0
0
0
0
0
0
0
0
0
1

55
45
36
28
21
15
10
6
3
1
2

1045
780
564
392
259
160
90
44
17
4
3

13640
9285
6066
3766
2191
1170
555
221
66
11
4

158048
97998
57762
31976
16345
7524
2999
968
222
26
5

1763553
994995
528438
260428
116725
46194
15415
4012
701
57
6

19467723
9988560
4776534
2093720
821827
279144
77795
16264
2151
120
7

214315123
99975690
43033851
16770781
5761798
1678329
390130
65371
6516
247
8

2357855313
999951380
387396179
134206288
40348602
10075694
1952410
261924
19628
502
9

n

Table 1 Difference of number of control points CT − CB

Root#
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

root interval
[0.9999999999999957, 1.0000000000000040]
[0.9499999774232312, 0.9500000008271431]
[0.8999999999900907, 0.9000000000019098]
[0.8499999373741308, 0.8500000000663835]
[0.7999999898226192, 0.8000000002309731]
[0.7499999951486940, 0.7500000012060561]
[0.6999999827678465, 0.7000000051018760]
[0.6499999741539105, 0.6500000124953802]
[0.5999999771104132, 0.6000000228526872]
[0.5499999663267969, 0.5500000334627025]
[0.4999999627040412, 0.5000000374906769]
[0.4499999678939680, 0.4500000318330576]
[0.3999999791813783, 0.4000000210180419]
[0.3499999895897444, 0.3500000105424416]
[0.2999999961907331, 0.3000000038425950]
[0.2499999989989713, 0.2500000010073070]
[0.1999999998191774, 0.2000000001785774]
[0.1499999999800867, 0.1500000000210968]
[0.0999999999987760, 0.1000000000015307]
[0.0499999999924749, 0.0500000004950866]

6.2 2D - Curve Intersection
As a two dimensional example we obtain the stationary
points of the function
1
1
3
f (u1 , u2 ) = [(u1 − )3 + (u2 − )3 − ( )3 ]2
4
4
5
3 3
3
3 3
(34)
+[(u1 − ) + (u2 − ) − ( )3 ]2
4
4
5
by computing the zeros of its partial derivatives
f1 (u1 , u2 ) = 12u51 − 30u41 +

75 3
2 u1

−

31467 2
1000 u1

+

128361
8000 u1

+12u21 u32 − 18u21 u22 +

45 2
4 u1 u2

− 12u1 u32

2
+ 45
2 u1 u2 −

15 3
4 u2

63 2
8 u2

63
4 u1 u2

+

−

+

369
64 u2

5871
− 1600

f2 (u1 , u2 ) =

Table 2 The 20 roots of the Wilkinson polynomial

15 3
4 u1

−

63 2
8 u1

−18u21 u22 +

+

369
64 u1

45 2
2 u1 u2

+12u52 − 30u42 +

+ 12u31 u22 − 12u31 u2

+

75 3
2 u2

45
2
4 u1 u2

−

−

31467 2
1000 u2

63
4 u1 u2

+

128361
8000 u2

5871
− 1600

6.1 1D - Wilkinson Polynomial

(35)
As a first example we will solve a scaled version of the
Wilkinson polynomial of degree 20 which was shown by
Wilkinson [20] to be extremely ill-conditioned. The onedimensional polynomial

P (u) =

20
Y
k=1

(u −

k
)
20

(33)

has 20 equidistant roots in the interval [0, 1]. Because
the conversion process into a Bernstein basis is very illconditioned, we used exact rational arithmetic to compute the Bernstein coefficients. The computation of the
zeros can then be done in rounded interval arithmetic.
We used a tolerance EPS= 10−7 for the precision and
immediately obtained all 20 roots (in 77 iterations with
21 binary edge subdivisions) (see Table 2).

each of total order m = 5. Function f2 := f1 (u2 , u1 )
is a mirrored version of f1 . These two functions can be
viewed as implicitly defined curves. Therefore the common roots are their intersection points. Fig. 3 shows both
curves (for the computation we used our method as described in Section 6.5).
In this example we searched for the common root in
the triangle [(0, 0); (2, 0); (0, 2)] and used a tolerance of
EPS= 10−12 . After 127 iteration steps (with 53 binary
subdivisions) we obtained the root:
u1 = [0.726602621583884, 0.726602621590015]
(36)
u2 = [0.726602621584005, 0.726602621590439]
(37)
The solver based on tensor product Bernstein bases [18]
needed 539 iterations (with 160 subdivisions) to obtain
the slightly larger intervals:
u1 = [0.726602621580483, 0.726602621593556]
(38)
u2 = [0.726602621580798, 0.726602621593114]
(39)
In this example both approaches run very fast in less
than 0.1 seconds.
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Root number
1
2
3
4

root (u1 , u2 , u3 , u4 )
(0.2 , 0.0 , 0.2 , 0.6)
(0.2 , 0.4 , 0.2 , 1.0)
(0.2 , 0.4 , 0.2 , 0.6)
(0.2 , 0.0 , 0.2 , 1.0)

Table 3 Four solutions

It should be noted that this example actually runs faster
in the tensor product Bernstein basis approach, since
we need many more iteration steps to converge. This
is due to the fact, that we only use the lower bounds of
the intersection intervals for the computation of the next
smaller simplex.

Fig. 3 Intersection of two implicitly defined curves

6.3 4D - Example

6.4 More Equations than Unknowns

In order to compute the extrema of the squared distance
between two circles, a system of four unknowns has to be
solved. Let (u1 , u2 ) be a point on one circle and (u3 , u4 )
be a point on the other circle, then the two circles are
1
1
1
(u1 − )2 + (u2 − )2 −
=0
(40)
5
5
25
1
4
1
(u3 − )2 + (u4 − )2 −
=0
(41)
5
5
25
The squared distance between points on the two circles is simply
D = (u1 − u3 )2 + (u2 − u4 )2 .

(42)

Having more equations than unknowns, as for example
when computing singular points of an implicit algebraic
∂f
∂f
= ∂u
= 0, does not lead
curve where f (u1 , u2 ) = ∂u
1
2
to any problems. In fact the additional equation helps
to discard subsimplices without roots quicker, leading
to a faster convergence. As an example we use a simple
implicit 2D curve (see also Fig. 4 where we used our
method as described in Sect. 6.5 to compute the curve):
f (u1 , u2 ) = u31 + u32 − 3u1 u2

(47)

Together with the two partial derivatives:

We consider u1 , u3 to be independent variables while u2
depends on u1 and u4 depends on u3 . For (u1 , u2 , u3 , u4 )
to be an extremum of D, the partial derivatives of D with
respect to the independent parameters must be zero.
∂u2
∂D
= 2(u1 − u3 ) + 2(u2 − u4 )
=0
∂u1
∂u1
∂D
∂u4
= −2(u1 − u3 ) − 2(u2 − u4 )
=0
∂u3
∂u3

(43)
(44)

By implicit differentiation of Eq. 40 and Eq. 41, we
∂u2
4
obtain ∂u
and ∂u
∂u3 which will be substituted into Eq. 43
1
and Eq. 44 to yield:
1
1
(u1 − u3 )(u2 − ) − (u2 − u4 )(u1 − ) = 0
(45)
5
5
1
4
(u1 − u3 )(u4 − ) − (u2 − u4 )(u3 − ) = 0
(46)
5
5
Together with the two equations of the circles we now
have four equations. We used a tolerance of EPS= 10−7
and the initial bounding simplex with one vertex at the
origin and the others on the four axes at ui = 3. Table 3
shows the four roots. Instead of showing the interval of
every coordinate we rounded to the 7th decimal place so
that the left and right interval limits become equal.

Fig. 4 Singular point

f1 (u1 , u2 ) = 3u21 − 3u2
f2 (u1 , u2 ) = 3u22 − 3u1

(48)

we computed the common zero at (0, 0) with an initial
bounding simplex of

S=

1
−0.2

   

0
−1
;
;
1
−0.2

(49)
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and a tolerance of EPS= 10−8 in 87 iteration steps (with
34 subdivisions) to be in the interval:
!

 
−3.988 · 10−09 , 3.988 · 10−09
u1
(50)
∈ 

u2
−6.245 · 10−15 , 4.786 · 10−09

parts, thus doubling the number of equations. So for N
complex equations with n complex variables we get 2N
real equations with 2n real variables. For example, the
two complex equations

Using only two equations instead (either f and f1 or f
and f2 ) results in a much slower convergence due to the
tangency at the intersection. But even when using only
f1 and f2 with a smaller total order of m = 2 and orthogonal intersection, we need more steps (91 iterations
and 35 subdivisions).

(53)

6.5 More Unknowns than Equations
If less equations than unknowns are given, a computation
is still possible. Of course the roots will not be isolated
points anymore, but rather a connected point set, e.g.
a curve. By adjusting the tolerance EPS the number of
solutions can be controlled. As a result we end up with
many small simplices, covering the solution point set. As
an example we computed the intersection of two spheres
with radii r = 0.5 and centers (0, 0, 0) and (0.75, 0, 0):
1
f1 (u1 , u2 , u3 ) = u21 + u22 + u23 − ;
(51)
4
3
5
f2 (u1 , u2 , u3 ) = u21 + u22 + u23 − u1 + ;
(52)
2
16
Figure 5 shows the intersection result, where the center of the intervals are plotted as dots. The circle lies
parallel to the u2 u3 -plane at u1 = 0.375. We used an

Fig. 5 Intersection of two spheres

EPS= 10−3 and obtained 1236 root simplices after 5255
iteration steps (with 2356 binary edge subdivisions).
6.6 Finding Complex Roots
As with the projected polyhedron method for tensor
product Bernstein bases, complex roots can be found
with the barycentric solver easily by substituting a + ib
for u in Eq. 8 and separating the real and imaginary

0 = z12 + z1 z2 − z22 + 0.51 − 1.1i
0 = z22 − z1 + 0.29 + 0.6i
can be separated into

0 = u21 − u22 + u1 u3 − u2 u4 − u23 + u24 + 0.51
0 = 2u1 u2 + u1 u4 + u2 u3 − 2u3 u4 − 1.1

0 = u23 − u24 − u1 + 0.29
0 = 2u3 u4 − u2 + 0.6

(54)

with z1 = u1 + u2 i and z2 = u3 + u4 i. Over the initial
bounding simplex with one vertex at the origin and the
others on the four axes at ui = 3 we find the single root
at (0.5, 0.8, 0.5, 0.2) (up to 7 digits exact with EP S =
10−7 ). So the common zero is at z1 = 0.5 + 0.8i and
z2 = 0.5 + 0.2i.

7 Conclusions and Recommendations
We have shown how systems of nonlinear polynomials in
the barycentric Bernstein basis can be solved using the
projected-polyhedron method developed by Sherbrooke
and Patrikalakis [18]. Our implementation of the method
in rounded interval arithmetic [1] is numerically robust
and works independent of the coordinate axes.
There are a number of topics that need to be expanded upon if we wish to better quantify the capabilities of this solver method by itself:
Local convergence properties of the method need to
be analyzed in order to get a better idea of the number
of iterations the solver will use in general.
Tighter bound generation than the orthogonal projection can achieve would benefit the solver. We obtain
both upper and lower bounds on the parameters in our
projection method, but are only able to use the lower
bound efficiently. It is worth analyzing alternative approaches to this problem in order to identify possible
improvements. It is e.g., possible to obtain the solution
in already converged dimensions (where the lower bound
is close enough to the upper bound) and reduce the remaining problem to operate on a lower dimensional simplex.
It is possible that more intelligent simplex subdivision based on the pattern of bounding simplex generation could speed up the algorithm when convergence
slows down. In the current implementation the simplex
is always split at the midpoint of the longest edge.
Furthermore, methods to identify regions with exactly one solution (e.g., [11]) should be used to ensure
that we do not prematurely terminate the subdivision
process (if two roots are within EP S). Also, if a subregion contains exactly one solution, a Newton-Raphson
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iteration can for example be used to quickly converge to
that root.
Representation of control points and simplices in rounded interval arithmetic lead to overlapping search regions which is likely to cause reduced performance at
high accuracy. It might be worth looking into methods
for reducing this problem, or implementing methods for
adaptively selecting the appropriate precision for a given
problem.
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